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Motivated by reent experiments we derive an exat expression for the orrelation funtion enter-
ing the three-body reombination rate for a one-dimensional gas of interating bosons. The answer,
given in terms of two thermodynami parameters of the Lieb-Liniger model, is valid for all values
of the dimensionless oupling γ and ontains the previously known results for the Bogoliubov and
Tonks-Girardeau regimes as limiting ases. We also investigate nite-size eets by alulating the
orrelation funtion for small systems of 3, 4, 5 and 6 partiles.
Quantum utuations are well known to have a pro-
found inuene on the physis of one-dimensional (1D)
systems. Due to quantum utuations, a 1D gas of
weakly interating bosons does not exhibit true long-
range order and hene does not undergo Bose-Einstein
ondensation at any temperature. With inreasing re-
pulsion between the bosons, the gas exhibits a smooth
rossover to the strong oupling regime, where the or-
relations in the positions of the partiles endow it with
fermion-like thermodynami properties. A strong repul-
sion between the bosons also has a marked eet on the
loal utuation properties, leading, for example, to a
fermion-like suppression of the utuations of partile
density. In this paper we shall fous on a three-body
orrelation funtion, whih is diretly related to the life-
time of a Bose gas unstable with respet to three-body
reombination proesses. It has been studied in a reent
experiment, where measurements of the three-body re-
ombination rate for trapped atoms were performed [1℄.
The idea of using three-body reombination for a mea-
surement of loal orrelations was originally put forward
by Kagan et al. [2℄. These authors showed that the low-
temperature reombination rate for a 3D Bose gas is pro-
portional to the loal three-body orrelation funtion g3
dened by the ground-state expetation value
g3 = 〈: nˆ3(r) :〉 ≡ 〈Ψˆ†(r)3Ψˆ(r)3〉. (1)
Here nˆ(r) = Ψˆ†(r)Ψˆ(r) is the partile density opera-
tor, Ψˆ† (Ψˆ) denote boson reation (annihilation) oper-
ators and the symbol :: stands for normal ordering. It
was noted that, due to the fator-of-six suppression of
g3 in a Bose-Einstein ondensate at zero temperature as
ompared to the non-ondensed Bose gas, three-body re-
ombination an be used as a diagnosti tool for distin-
guishing between the ondensed and the non-ondensed
phases. This was later onrmed experimentally [3℄.
In the experiment of Ref. [1℄ the reombination proess
was used for the investigation of three-body orrelations
in a 1D Bose gas. A magnetially trapped Bose-Einstein
ondensate of
87
Rb atoms was loaded into a deep 2D
optial lattie, by whih the ondensate was divided into
an array of independent 1D systems. In the ase of
87
Rb
two-body losses are very small, and it was possible to
model the deay in time of the number of trapped atoms
in terms of one-body and three-body proesses only. The
rate of hange of the total number of atomsN was written
as
dN
dt
= −K1N −
∫
drK1D3 n
3
3D, (2)
where K1 and K
1D
3 are the rate oeients for one- and
three-body losses. By measuring the derease of the num-
ber of atoms as a funtion of time it was found that the
rate oeient K1D3 in the 1D gas was redued onsider-
ably, by a fator of about 7, ompared to its valueK3D3 for
a 3D ondensate. The measurements were arried out for
a partiular value of the dimensionless oupling onstant
γ (≈ 0.5) haraterizing the strength of the 1D orrela-
tions. Given that K3 is proportional to the three-body
orrelation funtion g3, the observed redution was inter-
preted as an eet of the redued dimensionality on g3.
In the following we shall therefore fous on alulating
g3 for a 1D Bose gas. Our treatment is based on the
Lieb-Liniger (LL) model [4℄ for whih the dimensionless
oupling parameter γ is given in Eq. (5) below. In the
thermodynami limit, where the partile number N and
the size of the system L tend to innity while the density
n remains onstant,
n = N/L = const, N, L→∞, (3)
an expression for g3 has so far been obtained only for
small and large values of γ [5℄. Here we report an expliit
expression for g3, valid for all γ. Its derivation employs
an integrable lattie regularization of the LL model [6, 7℄
together with onformal eld theory. The alulations
are quite involved and will be presented elsewhere [8℄.
The answer is given by Eq. (17) in terms of two thermo-
dynami parameters of the LL model: the seond- and
fourth-order moment, Eq. (16), of the quasi-momentum
distribution funtion. The quasi-momentum distribution
funtion is the solution of the Lieb equation (14), whih
is a linear integral equation.
Within the LL model the Hamiltonian for N idential
bosons of mass m is taken to be
H =
h¯2
2m

−
N∑
i=1
∂2
∂x2i
+ 2c
∑
1≤i<j≤N
δ(xi − xj)

 . (4)
The interation onstant c ≥ 0 has the dimension of in-
verse length. The dimensionless oupling strength γ is
given by
γ = c/n. (5)
The LL model allows for an exat determination of the
eigenfuntions and eigenvalues of H . In the γ → ∞
limit of the model, known as the Tonks-Girardeau (TG)
gas [9℄, the eigenvalues are the same as that of a free
fermion gas.
While the eigenfuntions and eigenvalues are known
exatly for the LL model, its orrelation funtions in
general and g3 in partiular have been muh less investi-
gated. The reason for this is that the eigenfuntions are
very ompliated for a general value of N . We exhibit
these below and alulate g3 analytially for the simplest
possible ase N = 3.
The eigenfuntions Ψ(x1, x2, . . . , xN ) of the Hamilto-
nian (4) must be symmetri under any interhange of
oordinates. Sine the partiles interat via a delta-
funtion potential, the derivatives of Ψ jumps when two
partiles approah eah other, while when all xj are dif-
ferent, Ψ satises the free-partile Shrödinger equation.
The expliit expression for Ψ was obtained in Ref. [4℄ and
given in Ref. [10℄ in the following form
Ψ(x1, x2, . . . , xN ) = C
∑
P
(−1)[P ] exp

i
N∑
j=1
kPjxj


×
∏
j>l
[kPj − kPl − icsgn(xj − xl)], (6)
where P is a permutation of N numbers and [P ] is the
parity of the permutation. The possible values of the
quasi-momenta kj are determined by the boundary on-
ditions imposed on the system. For periodi boundary
onditions (that is, for N partiles plaed on a ring of
irumferene L) kj are solutions to the following system
of oupled nonlinear equations, alled the Bethe equa-
tions,
exp {ikjL} =
N∏
l 6=j
kj − kl + ic
kj − kl − ic , j = 1, . . . , N. (7)
The alulation of the normalization onstant C in
Eq. (6) is a nontrivial task. For the periodi bound-
ary onditions a losed expression for C was suggested
by Gaudin (see [11℄ and referenes therein) and proved
in Ref. [12℄; a detailed disussion an be found in
Ref. [10℄. One has now all the ingredients for alulat-
ing g3 ≡ g3(γ,N) for the 1D system. Written in the
rst-quantized form, g3(γ,N) is
g3(γ,N) =
N !
(N − 3)!
∫ L
0
dX |Ψ(0, 0, 0, x4, . . . , xN )|2,
(8)
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Figure 1: The three-body orrelation funtion g3, normalized
to its value in the absene of interations, as a funtion of γ.
The dashed lines are for partile numbers N = 3, 4, 5, and 6
(from top to bottom), and the full line is for N = ∞.
where dX = dx4 . . . dxN and Ψ is given by Eq. (6). Note
that the average 〈. . . 〉 in Eq. (1) is taken over the ground
state of the system; equivalently, it is the ground-state
wave funtion whih enters Eq. (8). This is ensured by
seleting the proper set of the quasi-momenta kj among
all the solutions of the Bethe equations (7).
All quasi-momenta kj are equal to zero for the non-
interating system, γ = 0, and the wave funtion (6) is
uniform in spae, Ψ = (1/
√
L)N , whih implies that
g3(0, N) = n
3N(N − 1)(N − 2)/N3. (9)
We now use the wave funtion (6) to get g3(γ,N) for
N = 3 analytially, and for N = 4, 5 and 6 numerially.
The quasi-momenta in the ground state of the system
with N = 3 obey k1 = −k3 and k2 = 0. It is onvenient
to write the Bethe equation for k1 in the form
λ = 2π − 2 arctan(λ/3γ)− 2 arctan(2λ/3γ), (10)
where we have introdued λ ≡ k1L and the prini-
pal branh for artangent has been hosen: −π/2 ≤
arctan(x) ≤ π/2. The solution to this transendental
equation grows monotonially from λ ≃ 3√γ for γ ≪ 1
to λ ≃ 2π − 4π/γ for γ ≫ 1. The resulting answer for
g3(γ, 3) = 6|Ψ(0, 0, 0)|2 is
g3(γ, 3) =
16
3
A2Bλ6
γ3L3[1 + 4(3A2 + 2A+B + 6AB)]
, (11)
where A = 3γ/(9γ2 + λ2) and B = 3γ/(9γ2 + 4λ2). The
ratio g3(γ, 3)/g3(0, 3) is plotted in Fig. 1. It dereases
monotonously with inreasing γ, from 1 − 29γ/24 for
γ ≪ 1 to 512π6/243γ6 for γ ≫ 1. In Fig. 1 we also
plot g3(γ,N) alulated for N = 4, 5 and 6. Note that
2
the magnitude of the slope at the origin (γ=0) inreases
with inreasing number of partiles, and when N → ∞
it approahes innity, in agreement with the Bogoliubov
result given in Ref. [5℄:
g3(γ,∞)/n3 ≃ 1− 6√γ/π, γ → 0. (12)
We have obtained an analyti expression for g3 in the
Tonks-Girardeau limit, γ → ∞, for arbitrary values of
N by generalizing the result Eq. (16) of Ref. [5℄, valid in
the thermodynami limit, to the ase of a nite number
of partiles. The result is
g3(γ,N)
n3
≃ 16π
6
15γ6
(N2 − 1)2(N2 − 4)
N6
, γ →∞. (13)
We now present our main result: the exat expression
for the three-body orrelation funtion g3(γ,∞) in the
thermodynami limit (3) of the Lieb-Liniger model (4).
The system of Bethe equations (7) redues in this limit
to the linear integral equation alled the Lieb equation:
σ(k)− 1
2π
∫ 1
−1
dq
2ασ(q)
α2 + (k − q)2 =
1
2π
, (14)
where α is an impliit funtion of γ :
α = γ
∫ 1
−1
dk σ(k). (15)
In terms of the moments ǫm dened by
ǫm =
( γ
α
)m+1 ∫ 1
−1
dk kmσ(k), m = 2, 4. (16)
the exat expression for g3(γ,∞) is
g3(γ,∞)
n3
=
3
2γ
ǫ′4 −
5ǫ4
γ2
+
(
1 +
γ
2
)
ǫ′2 − 2
ǫ2
γ
− 3ǫ2ǫ
′
2
γ
+
9ǫ22
γ2
, (17)
where ǫ′m is the derivative of ǫm with respet to γ.
Equations (14)(17) form a losed set of equations de-
termining g3(γ,∞). We plot the result in Figs. 1 and 2.
For a numerial solution of the integral equation (14) we
have used theMathematia pakage NISolve [13℄. In Fig. 1
we ompare the normalized funtion g3(γ,∞)/g3(0,∞)
with that alulated for N = 3, 4, 5, and 6. One an
see that the onvergene to the thermodynami limit
is quite slow. In Fig. 2 we ompare g3(γ,∞)/n3 with
the experimental data from Ref. [1℄. The average value
of γ, measured in [1℄, γm ≈ 0.45, and the orrespond-
ing value of g3(γm,∞) ≈ 0.14 are shown as the dot in-
side the box whih represents the experimental uner-
tainty aording to Ref. [1℄: 0.34 < γm < 0.65 and
0.05 < g3(γm,∞) < 0.23. The dashed lines show the
asymptoti expressions given in Eqs. (12) and (13) for
10-2 10-1 101100
Γ
10-3
10-2
10-1
100
g 3
HΓ
,
¥
L
n
3
Figure 2: Double-logarithmi plot of the three-body orre-
lation funtion g3(γ,∞) as a funtion of γ (full line). The
dashed lines indiate the asymptoti results [5℄ given in
Eqs. (12) and (13) for small and large γ, respetively. The
measured value is shown as the dot inside a box indiating
the experimental unertainty [1℄.
small and large γ, respetively. Evidently, the asymp-
toti expressions do not aount for the observed value,
and the exat expression (17) is needed.
Eq. (17) gives g3(γ,∞)/n3 ≃ 16π6/15γ6 when γ →
∞, thus reproduing the asymptoti expression Eq. (13)
taken at N =∞. To hek this is a straightforward task
sine Eq. (14) admits a regular perturbative expansion
with 1/α being a small parameter. The opposite limit,
γ → 0, of Eq. (17) is muh more diult to analyze sine
the kernel in Eq. (14) beomes singular when α → 0.
Beyond the leading order, the results were obtained only
reently [14℄:
σ(k) ≃
√
1− k2/2πα+ f(k), α→ 0 (18)
where f(k) is written expliitly in Ref. [14℄, see Eq. (4.11).
For the moments Eq. (16) one gets ǫ2 ≃ γ(1 − 4√γ/3π)
and ǫ4 ≃ 2γ2(1− 44√γ/15π). With these expressions for
the moments, expansion (12) is reprodued.
A useful representation of our result (17) is the follow-
ing approximate form
1− 6π−1γ 12 + 1.2656γ − 0.2959γ 32
1− 0.2262γ − 0.1981γ 32 , 0 ≤ γ ≤ 1, (19)
0.705− 0.107γ + 5.08 · 10−3γ2
1 + 3.41γ + 0.903γ2 + 0.495γ3
, 1 ≤ γ ≤ 7, (20)
16π6
15γ6
9.43− 5.40γ + γ2
89.32 + 10.19γ + γ2
, 7 ≤ γ ≤ 30. (21)
The relative error of this approximation does not exeed
2·10−3 for all values of γ in the interval 0 ≤ γ ≤ 30, whih
we expet to be experimentally relevant. Note that the
3
asymptoti result (13) for N = ∞ is nearly a fator of
two larger than the exat result for γ = 30.
The formal derivation of Eq. (17) is quite lengthy and
will be given elsewhere [8℄. Here we shall only sum-
marize the main steps: We are interested in the ther-
modynami limit of the model, dened by Eq. (3). In
this limit it is natural to use a eld-theoretial approah
rather than the rst-quantized formalism we employed
for the few-partile systems. The Lieb-Liniger model is
ompletely integrable. In the eld-theoretial language
omplete integrability implies the existene of an innite
family of onserved urrents Jn, n = 0, 1, 2, . . .. The in-
tegrals over spae of these onserved urrents ommute
with eah other, inluding the Hamiltonian (4). There
is thus an innite set of mutually ommuting operators
Jn, n = 0, 1, 2, . . . , for whih the eigenfuntions and the
spetrum are known exatly. A proedure for generating
Jn is disussed, for example, in Ref. [10℄. The rst three
urrents generated by this method are J0 = N , J1 = P ,
and J2 = H, where N , P , and H are the number density
of partiles, the momentum density, and the Hamiltonian
density, respetively. These three urrents exist for non-
integrable models as well, while the urrents Jn for n > 2
are spei to the LL model. To illustrate our approah
we introdue the lassial expression for the urrent J4
(its quantization will be disussed in the next paragraph):
J4 = Ψ∗∂4xΨ+ cΨ∗Ψ∗(∂xΨ)∂xΨ+ 8c(∂xΨ∗)Ψ∗Ψ∂xΨ
+ c(∂xΨ
∗)(∂xΨ
∗)ΨΨ + 2c2(Ψ3)∗Ψ3. (22)
The quantum-mehanial version of the last term in Eq.
(22) ontains Ψˆ†(x)3Ψˆ(x)3 in whih we are interested.
When averaged over the ground state, this term gives
the desired orrelation funtion g3, Eq. (1). Some of
the remaining terms in (22) an be eliminated by us-
ing the Hellmann-Feynman theorem, whih applies to all
onserved quantities. This theorem was applied to the
Hamiltonian of the LL model in Ref. [5℄ to alulate the
orrelation funtion 〈Ψˆ†(x)2Ψˆ(x)2〉. In our ase not all
terms an be eliminated by use of the Hellmann-Feynman
theorem. We have sueeded in obtaining additional
identities [8℄ by employing the long-distane asymptotis
of the orrelation funtions of onserved urrents known
from the onformal limit of the theory.
The quantization of the lassial urrent Eq. (22)
is far from being straightforward. A naive quantum-
mehanial version of the expression (22) ontains terms
involving derivatives of eld operators Ψˆ and Ψˆ†. Suh
terms are not well-dened in general. An expliit demon-
stration of this was onsidered in the paper [15℄, where
it was shown that the expetation value 〈Ψˆ†(0)∂3xΨˆ(x)〉
is disontinuous at x = 0. The reason for this behav-
ior an be seen from the struture of the Bethe-ansatz
wave funtion (6), whih has a usp whenever the o-
ordinates of any two partiles oinide. This does not
ause diulties when one onsiders the momentum op-
erator and the Hamiltonian itself, that is, when one works
with the operators Ψˆ†(x)∂xΨˆ(x) and Ψˆ
†(x)∂2xΨˆ(x). How-
ever, for other operators we enounter diulties whih
we have not been able to resolve within the ontinuum
model (4). Therefore we have used an integrable lattie
model, the so-alled q-boson hopping model [6, 7℄, whih
redues to the Lieb-Liniger model (4) in the ontinuum
limit. Within this model all higher (quantum) integrals
of motion are dened unambiguously.
In onlusion, we have obtained an exat expression
for the three-body orrelation funtion Eq. (1) within the
Lieb-Liniger model of a one-dimensional Bose gas. The
expliit expression is given by Eq. (17) and Eqs. (19)-
(21), and ompared in Fig. 2 with a reent experiment.
The nite-size eets are explored and a omparison with
the thermodynami limit is given in Fig. 1. We expet
that our results will stimulate further experimental in-
vestigations of the loal orrelations in low-dimensional
trapped atomi gases.
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